[PE CUONG CHUONG TRINH PAI HOC]

CHUONG I : PAO HAM VA VI PHAN

ALY THUYET:
1.1 Pao ham riéng:
Pinh nghia:Cho ham 2 bién f:
X —>R? X < R?

(x,y)—>Z="f(xy)
X: tap xac dinh

Xét f(x,,Y,)
f (% +A%Y,)—f (X, Y,)

f’X = lim
Vx—0 AX
f/y:"m f(XO'yO+Ay)_f(XO’yO)
Vy—0 Ay
1.2 VI PHAN:

* Pinh nghia:
Cho ham s6 z = f (x,y) dao ham riéng ctia ham sd theo bién x, ki hiéu la:

oz of C g )
—=—=27%=f'(x) la gid1 han lim f(x+Ax,y) - f(x,
- (x) la gio1 han lim f( y)—-f(xy)
* Vi phan hai bién:
Dinh nghia:
Cho ham s6 z = f(x,y) thi
dz = z,dx + z,dy
d?z =z, dx* + 2z, dxdy + z,, dy’
2 . o o)
Tong quat: d"z=| —+— | f
= Léx ayj
B. BAI TAP:
Cau 1: Cho ham s6 z= f(x,y)=e*** Tinh z{) =2

Giai:
Z)/( — (2x+3y)/X82x+3y — 2e2x+3y
Taco: 7! =2(2x+3y) e = 4%
Z/// :4(2X+3y)/ eZX+3y :8e2x+3y

XXX

. Z)((r:) — 2n'e2x+3y
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[PE CUONG CHUONG TRINH PAI HOC]

Cau 2: Cho ham s z= f(x,y) =xe’ Tinh z(y‘j)x =?
Giai:
z, =(xe’), = xe’
1 _ YAV y
z, =(xe’) =xe
A - vy y
Ta co: o
z,, =(xe')’, =xe
() _(yaV) _av
:>zy4x_(xe ), =€
Céu 3 : Cho ham 50 z=f(x,y)=e’Inx Tinh z&), =2
Giai:
z,=(e"Inx)’, =e’Inx

I y ;e
z, =€ Inx) =—

y
e e
2@ =& e
yxy X X
y
Cau 4: Cho ham so z= f(x,y)=e®Tinh z =2

Giai:
7, =(e” )/x = ye*

/
2, =(ye”) =y’e”
= z{) = y%e”

Ta co:

Cau 5: Cho ham sb z= f(x,y) =sin(xy) Tinh ZS:) =7 z(y:) =7

Giai:
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[PE CUONG CHUONG TRINH PAI HOC]

=(sin(xy))/X = ycos(xy)
= (ycos(xy))/X =—y?sin(xy)
Taco: z)=(-y* sin(xy))/y = cos(Xy) - xysin(xy)
z, = (sin(xy))/y = Xcos(Xy)
Z) = (xcos(xy))/y =—x?sin(xy)
Cau 6: Cho ham sb z= f(x, y) =cos(xy) Tinh z} =%z, =2z =?
= (cos(xy))/X =—ysin(xy)
z!! :(—ysin(xy))lx =—y?cos(xy)

111

/ .
Zo =(-y?cos(xy)) =y’sin(xy)
=70 =y cos(xy+ nzj
X" 2
= (cos(xy))/y =—xsin(xy)
=z =x" cos(xy+ nzj
v 2
Cau 7: Tim vi phan cap mot cia ham s6: z = 2x + 4y
Giai:
Taco: dz=z'dx+Z' dy
z=x"+4
=(x*+4) = 2x
Zy= (X +4&Y=41In4
—dz = 2xdx + 4’In4dy

Cau 8: Tim vi phan cip mot cua ham sb: %= In( X y)

Giai:
Taco: dz=z'dx+Z’' dy
Z= In(./x—y)
1

I — _ (x=y)' _ (\/_> 1
2= (). - ey ey 2k
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[PE CUONG CHUONG TRINH PAI HOC]

1
;o F_(x=y) o 2(x-y)
Zy= In(x— = = -
y (\/ y)x X—y =y 2(x—y)
oz 1 q 1 dv - dx —dy

X — y =
2(x-y) 2(x-y) 2(x-y)

Cau 9: Tim vi phan cip mot ctia ham sé: z = arcyg(y — X).

Giai:
Taco: dz=Z'dx+2Z'dy
= arcyg(y—x)
2y = (areyg(y-x)), =-———
X 14+ (y-x)?
/ / 1
Z\, =(arcyg(y—x)) =———
y =(arcyg(y-x)), T (y %
—dx dy _ dy—adx

=dz=

1+(y—x)’ +1+(y—x)2 _1+(y—x)2
Céu 10: Tim vi phan dz ctia ham: z = x* —2xy +sin(xy)
Giai:
dz=2'dx+2’ dy
Z', =2x-2y+y.cos(xy)
Z' =-2x+x.cos(xy)

=dz=[2(x-y)+ y.cos(xy)]dx—[x(Z—cos(xy))]dy

Cau 11: Tinh vi phan cip 2 ctia ham: Z= sin® x+e”
Giai:

z, = 2(sin x)".sin x = 2cos xsin X =sin 2x

!
X
!

7 =2ye”

y —_
"
Z;, = 2C0S2X
"
z,,=0
2 2 2
2, =2.8" +4y°.¢’

— d2z = 2cos 2xdx’ + 2e" (1+2y?)dy?
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[PE CUONG CHUONG TRINH PAI HOC]

Cau 12: Cho ham hai bién 2=¢"" tinh 2/ =2,2" =2,2" =2
Giai:
Z)/( _ (x+2y)’ex*2y — "2y
Z)/(i _ (x+2y)’ex*2y _ Xty
7', = (x+2y) &% =2
2", =2.(x+2y) e"® =4
7l =(x+2y) e =¥

/. | AX+2y X+2y
Z, =(x+2y)' e =2e

Cau 13: Tim vi phéan cap hai d’z cia ham hai bién z =yInx
Giai:
Ta co:
d’z=2" dx*+2Z" dxdy+Z" dy?

z' =Y

X

" y

Z xxz_F

/

Zy:Inx

I

Z yy=0
1

I

Z Xy:;

—d2z=—J dx2+z.dxdy
X

?.
Cau 14: Tim vi phan cip hai d?z ctia ham hai bién z=x?+xsin?y
Giai:
Ta co:
2 11 2 11 11 2
dz=2" dx"+2Z" dxdy+Z" dy
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Z' =2x+sin’y
z", =2
/ H H
Z', =sin"y+2xsin2y
/1
Z", =-2xcos2y
11 H H
Z",, =2sinycosy=-2sin2y
= d?z = 2dx® — 2sin 2ydxdy — 2xcos2 ydy?
Cau 15: Tim vi phan cip hai d?z ctia ham hai bién z = x* + xcos? y.
Giai:
d’z=2" dx*+2Z" dxdy+Z" dy?
Z' =2x+sin’y
VA
/ a2 H
Z', =sin"y+2xsin2y
11
Z", =-2Xc0s2y
// - -
Z",, =2sinycosy=-2sin2y
= d?z = 2dx* — 2sin 2ydxdy — 2xcos2ydy>
Cau 16: Tim vi phan cip hai ctia ham hai biénn z = x?y®.
Giai:
Ta co:
d?z=2" dx*+2Z" dxdy+Z" dy’
7" :(Xzys)” = 2y°
/1
Z//Xy — (X2y3) y — 6Xy2
11
Z//yy =(x2y3) y — 6x2y

= d?z = 2y°dx* +12xy*dxdy + 6x° ydy®
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CHUONG II: CUC TRI

A.LY THUYET:
1.1. CUC TRI TU DO:

Cho ham s6 z = f(X,y) x4c dinh trén mién Dc R®
Piém P(a,b) duoc goi la cuc tri dia phuong ctia ham z =f(x,y) néu:
gia thiét: f(a;b)> f(xy),v(x y)eQ(P)lan can diém P
Cuc tiéu dia phuong f (a;b)< f(x,y)
Cuec tri = cuc dai + cuc tiéu
Piém ding: P(a;b)
of ot

&(a;b):o,ay(a;b)zo

Néu f ton tai cuc tri dja phuong thi nd dat cyc tri dia phuong tai c4c diém ding
*Phwong phap tim cuc tri tu do:

Z=1(xy), D

Tim cuc dai:

Buwoc 1: z;,z,

Z>/(=O I( )
= X, o
Z;—O ot

I(x,,y,)dugc goi la diém ding.
Buwoc 2:
Tinh z;,z},,z),
Buwoc 3:
A=124(%:Ys)
bat B=1z;,(x,,Y,)
C=2},(x,.Y,)
Xét A= AC —B?
Néu A <0 — diém (Xo,Yo) khong phai 1a cuc tri
Néu A)0 —>(x,,v,) 1a cuc tri
Véi A>0 = (Xo,Yo) 12 diém cuc tiéu
Véi A<0 = (Xo,Yo) 12 diém cuc dai
A=0 dung phuong phap khac hodc chua thé két luan
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[PE CUONG CHUONG TRINH PAI HOC]

1.2 CUC TRI CO DIEU KIEN:

Cho ham sb z = f(x,y) va ham s6 ¢(x, y)Diém (xo,Yo) dugc goi 1a diém cuc tri
ctia han s6 f(x,y) v6i diéu kién o(x,,y,)=0 néu nd 1a cuc tri cia z = f(x,y) va
thoa man ¢(x,,y,)=0
* Diéu kién can:
Gia str (Xo,Yo) 12 cuc tri caa ham z = f(x,y) véi diéu kién ¢(x,y) =0. Ta
gia thiét thém cac ham f(x,y) ;o(x,y) c6 cac dao ham riéng lién tuc trong
1an can cua diém (X, Yo). Khi d6 s& ton tai mot s6 A4 thoa:

aq . 0P (0 .\
aX(Xo1yo)+2’ 6X (Xoiyo)_o
%(Xo;yo)+/1%(p(xo:yo)=O (1

o(X,;Y,)=0

Khi d6 (XoYo) goi 1a diém dimng
A . nhan tir Lagreange
* Phuong phdp tim ciee tri c6 diéu Kién
Céch 1: Tur o(x,y)=0 tatinh y=y(x). Thay y=y(x)vao f (x, y(x))

ta duoc ham mot bién theo x
Cach 2:
* Giai he (1) dé tim diém ding(x,, y,)Vva 4,
A= L (X5 Yoi do)
* B =Ly (X5 Yoi o)
C= L;’y(xo;yo;ﬂo)
Xét A=AC-B?
Néu A <0 ham f khong c6 cuc tri tai (x,, )
Néu A>0 ham f ¢ cuc tri
+ A>0=(%, Y, )12 diém cyc tiéu

+ A>0=(x, Y, )12 diém cuc dai

B. BAI TAP:
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[PE CUONG CHUONG TRINH PAI HOC]

Cau 17: Cho ham z=x*-2x+y? Tim cuc tri?

Giai:
Taco:

2, =(x*—2x+ yz)/ 2X—2

z, :(x2 —2X+ yz)/y =2y

2x-2=0 x=1
Giai hé phuong trinh: {2 y=0 A {y:O
— diém M(1,0) 1a diém dimg
bat:

/
C=2",=(2y), =2
B=2", :(ZX—Z)/y =0
Tacd: A=AC-B?=2*2-0=4>0 Ham c6 cuc tri.
Va A = 2 > 0 Ham dat cuc tiéu tai diém M(1,0)

Cau 18: Cho ham z=x*-8x*+y?+5 Tim cuc tri?

Giar:

2, =2y

x=0
4x3 —16x =0 4 2_N=0 X=2
X' =16x=0 _ J4x(x'~4)=0 _ = M, (0,0); M, (2;0); M,(-2;0)
2y =0 y=0 x=-2

y=0
2! =12x*-16
z;,=0
Zr/_2

W

C6 3 diém dirng M, (0;0); M, (2;0); M,(~2;0)
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+M,(0;0)

A=z =12x*-16=-16

B =2z,=0

C=z),=2

A, =AC,-B?*=-16*2-0°=-32<0

Vay M;(0;0) khong phai la cuc trj cua ham sé
+M,(2;0)

A =2 =12x*-16 =32

B, =2y, =0

C,=125,=2
A,=AC,-B,>=32*2-0°=64>0,A, >0
Vay M,(2;0) 1a diém cyc tiéu ciia ham
+M,(-2;0)

A =7 =12x*-16=64

B, =2, =0

C,=2z), =2
A,=AC,-B’=64*2-0"=128>0,A, >0
Vay Ms(-2;0) la diém cuc tiéu ciia ham

Cau 19: Cho ham z=x*-2xy+1 Tim cuc tri?

Giai:
Taco:
7 =(x*-2xy+1), =2x-2y
7', = (X" —2xy+1)’, = -2x
2x—2y=0 {x:o
Giai hé phuong trinh: {2X=0 — y=0

— diém M(0,0) 13 diém ding.
2" =(2x-2y) =2

2", =(2x-2y), =-2

2", =(-2x)', =0

bat:
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[PE CUONG CHUONG TRINH PAI HOC]

2

, =2

/yy :O
A=AC-B*=2*0-(-2)’=-4<0

Ham z khéng co cuc tri tai M(0;0)

/
X

/
X

x —

A=7
B=27
c=7

Cau 20: Cho ham z=x*+xy+y? Tim cuc tri?

=0 2X+y=0 2X+y=0 3y=0 y=0
= & o & = M (0;0)
X+2y=0 2X+4y=0 2x+y=0 x=0

C=z) =2

C6 1 diém dirng M (0;0)
A=AC-B?=2*2-1"=3>0= M(0;0)1a cuc tri
Va A=2>0= M(0,0)1a cuc tiéu caa ham z

Cau 21: Cho ham z=x*-y?+2x—y+1 Tim cuc tri?
Giai:
2 =0 -y +2x—y+1) =2x+2

Tacé: | , /
Z,=(X"-y +2x-y+1) =-2y-1

2x+2=0 — X=—1
Giai hé phuong trinh: {—2 y=1=0 { y— =
2

—diém M (_1; _%) a diém dimg

v
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Ham z c6 mot diém dimgM (—1;—%) nhung khong c¢6 cuc tri.

Cau 22: Cho ham z=x®+27x+y*+2y+1 Tim cuc tri?
Giai:
2l =3x2+27 {z; =0 {3x2 +27=0
=

—hé v6 nghiém, khong c6 diém dun
2 —0= 2y 4220 . ghié g g

'
X
'
y

Cau 23 : Cho ham z=2x*-6xy+5y*+4 Tim cuc tri?

Giai:
z, =4x—-6y
z, =-6x+10y
z.=0 4x—-6y=0 x=0
= = = M (0;0)
2’=0 10y+6x=0 =0

C6 1 diém ding M (0;0)
A:z;’X:(4x—6y)/X:4
St " /
bat:B =z} =(4x-6y) =-6
C =12}, =(-6x+10y) =10
A=40-36=4>0;A=4>0=M/(0;0) la diém cyc tiéu

Céau 24 : Cho ham z=x*-y*-4x+32y+8 Tim cuc tri?
Giai:
z' =(x“—y“—4x+32y+8)/X = 4x°—4

z, :(x4—y4—4x+32y+8) =-4y°+32

/
y
z,=0 4 —4=0 x=1
. o & = M(2)
z,=0 | -4y*+32=0 [y=2
C6 1 diém ding M (L2)
/
A=z, =(4x*-4) =12x*=12

B

Dit : Z)'('y = (4x3 _4)’y =0
C=1z) =(-4y°+32) =-12y*=-48

/
y
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= A=AC-B*=12*(-48)-0*=-576<0

Vay ham Z khdng ¢0 cuec tri tai M(1;2)

Cau 25: Tim cuc tri ciia ham s6: Z =2x% + y? —2y — 2 vdi diéu kién
o(X,y)=—X+y+1=0

Giai:
L(X,y,A)=2X*+y* -2+ A(—X+Yy+1
L =4x—A
L =2y—2+24
AXx—1=0 @)

2y—2+1=0 (2)
—X+y+1=0 ©))
Tu (1) =>4 = 4x (1)

) =>y=x-1(2)
thé (1), (3) vao (2) ta co:
2(x-1)-2+4x =0
o 2x-2-2+4x =0

<:>6x-4=0<:>x:z

3

1 . 8
:>y:—§,/1:§
> 1 8
ME; —=; 2
=MGi -3 3)

d?L = 4dx® + 0dxdy + 2dy?
do = @' xdx + ¢’ ydy

=—dx+dy =0
< dy = dx

1.8 2
d? L(— —3 5)—4dx + 2dx® = 6dx* >0
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= (g ;—i la cuc tiéu
3’ 3)

Cau 26 : Cho ham z=-3x*+2eY —2y+3 Tim cuc tri?
Giai:

2l = (—3x2 +2¢’ —2y+3) =—6X

/
/X
z :(—3x2+2ey—2y+3)y:2ey—2
‘=0 —-6x=0 x=0
) & & = M(0;0)
z,=0 " |2¥-2=0 |y=0
C6 1 diém dimg M (0;0)

A=z = (—GX)/X =-6

B =1z, =(-6x) =0

x

bat:
"=z, =(20"-2) =2¢'=2%e" =2

=A=AC-B*=-6*2-0°=-12<0
Vay ham Z khdng c0 cuc tri tai M (0;0)
Cau 27 : Cho ham z=x*-y-Inly|-2 Tim cuc tri?
Giai:
z;z(xz—y—ln|y|—2)/X:2x
1

/
—1-=
y y

z, (xz—y—ln|y|—2)

~1-==0
y

C6 1 diém dimg M (0;-1)
A=z) =(2x) =2

B=1z; =(2x)

, 2x=0
Z;,=O<:> = 1:> ;

/
y

=A=AC-B*=2*1-0°=2>0

Va A=2>0= M(0,0)1a diém cuc tiéu cia ham z
Cau 28 : Cho ham z=x°-y®—cos’x—32y Tim cuc tri?
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Giai:
(x* -y —coszx—32y)/X = 6x° +5in 2x
(x* -y —coszx—32y)/y =-5y*—32

z,=0 6X°+sin2x=0
, =
z,=0 |-5y"-32=0

= hé v0 nghiém
Khong c6 diém dimg. Vay ham z khéng c6 cuc tri
Cau 29 : Cho ham z=xe’ +x*+2y* -4y Tim cuec tri?
Giai:

z :(xey+x3+2y2—4y) =e’ +3x°

l_
Z =

/
X

’
Zy

(xey +x34+2y? —4y)/y =xe’ +4y—-4
2,=0 [e+3x°=0 , e
A= oS x=—
z,=0 xe! +4y—-4=0 3
— diéu nay vo Iy= hé vé nghiém
Khong cé diém dimg. Vay ham z khéng c6 cuc tri
Cau 30 : Cho ham z =2x*—4x+sin y—%,(—z< y<z) Tim cuc tri?

Giai

2X% —4x+siny —

z :[2x2—4x+sin y—

C6 1 diém dimg M [1; %)
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A=z} =(4x-4) =4
B=2z],

/
f)gt;C:z’y’y:(cosy—lj :—siny:—sinz— 3
: 2), 3
:A:AC—BZ=4*(—§J—OZ=—2\E<O

Vay ham z khéng c0 cuc tri tai M (1; %)

2
Céu 31 : Cho ham z=|nx—x+|n|y|—y? Tim cuc tri?
Giai:
2 ! 1
z;:[lnx—x+ln|y|—y—j ==-1
2), X
/

2
z, :(In x—x+|n|y|—y7j :%_y

y

/
A:Z:(,x: 1_1] :_izz—lz——l
X < X 1
/
X
Dat ‘;
g -(1y] —do i
y ),y 1

= A=AC-B?=(-1)*(-2)-0=2>0

Va A=-1<0= M, (L1)1a diém cuc dai ciia ham z
C6 2 diém dimg M, (L1);M, (L -1)
* Xét diém M, (L-1)
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Va A=-1<0= M, (%-1)1a diém cuc dai ctia ham z

Cau 32 : Cho ham z:ln(x2—2y) vé6i diéu kienx—y-2=0

Giai:
X—y-2=0=>y=x-2
z:ln(x2—2x+4)
bat 7/ :&
x> —2X+4
— x=1
z =0c>22X—2=0,x2—2x+4>0:>
X" —2x+4 y=-1
X|—oo 1 +0
7! - +
0

CT
Vay ham sé dat cuc tiéu tai diém M (1-1)

Céau 33 : Choham z= In‘1+x2y‘ vé6i diéu kién x—y-3=0

Giai:
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X-y-3=0=>y=x-3
z:In‘l+x2(x—3)‘:In‘x3—3x2+1‘

, 3x*-6x
z

X332+l
{X:O
2 -_3
— X=2
{y:—l
X |—o0 -0.5 0 0.6 2 2.8 +00
3x* —6X + 0 - 0 +
X =3x°+1] — 0 n 0o _ 0+
X |—o0 -0.5 0 0.6 2 2.8 +00
Z!_ + 0 - + 0 - +
\4 /CD\ /CD\‘

Viy ham sé dat cuc dai tai diém M, (0;-3) va M, (2;-1)
3 . ]
Cau 33 : Cho ham z =X§—3x+y véi dieu kKién —x*+y =1

Giai:
X +y=1l=y=x"+1
X3
7="—-3x+x*+1
3

7 =x*+2x-3
x=1
o
X=-3
y=10

/=0 x*+2x-3=0=>
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z/ + O — 0 +
Cb \
CT

Vay ham sé dat cuc dai tai diém M, (-3;10), dat cuc tiéu tai M, (L,2)
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