Hé tro 6n tap

[DE CPONG CHU'ONG TRINH DAI HOC]

Chwong 4. Phép tinh vi phan ham nhiéu bién

A. Ly thuyét.

¢ Dinh nghia ham hai (nhleu) bién va MXD cua ham sb. Dinh nghia va cach tinh gidi

han diy diém, gioi han ham s6. Dinh nghia tinh lién tuc ctia ham sb.

e Dinh nghia va cach tinh dao ham riéng cép 1. Biéu thirc va tng dung cua vi phéan Cép
1. Cong thirc tinh dao ham riéng cia ham hop. Cach tinh dao ham riéng va vi phan cap 2 (cap

cao).

e Dinh nghia cyc tri. Cac dinh 1y diéu kién can, diéu kién du caa cuc tri (quy tic im cuc
tri). Cong thure tinh dao ham ham an. Pinh nghia cuc tri cé di€u kién. Cach tim cyc tri cé dicu

kién. Céach tim max va min cua ham so trén tap dong va gidi ndi.

B. Bai tap..
a) z=Inxy b) z= 5
y—X
day
2 2
X
=
a“ b
= 1 + L e)z_arcsmy—_1
JXHY  Jx-y X
Loi gidi.
a)Dz{(x,y)e;Z:xy>0}.
b)Dz{(x,y)e;Z:y;ﬁxZ}
2 2
XY
c) D=4(x,y)e; 2: =+ <1},
0= {(y)es 2 Ly <1

d) Dz{(x,y)e; 2:—x<y<x}.

e) Ham s6 xac dinh khi

1- y—lz -y+x+1

>0
gy <le 1X X 1 =
X Y72 1Y X725 9
X X

f) Ham sd xac dinh khi

1. Tim mién xac dinh cua cac ham sau

f) z:,\/xlny

{
{

x<0

y<x+1l |y>x+1
Vv
x>0

y=z-x+1 |y<-x+1
\
x>0 x<0



Hé tro’ 6n tap [DE CWUONG CHUONG TRINH DAI HOC]

x>0 x<0 x>0 [x<0
xIny>0< v & v
Iny>0 |Iny<0 y <

2. Tinh cac gi¢i han sau day

. 1 . sinx . X
a) Ilm(x2+y2)sm— b lim 2 c) lim (1+X)
Xx—0 Xy x—0 X X—>00 X
y—0 y—2 y—2
X+ Y X2 +y? ( > 2)212
d) lim—=— e) lim f) lim (14 x“y~ )X +y
o x2 1+ v2 0 [L2, .2 0
Xy pmcHNL SRR S .
Loi gidi.
.1 T ) :
a) Te 0< (X2 - y2)5|n— <x?+y?va lim(x® + y%) =0, theo tiéu chuin kep, ta duoc
X 0
4 Y50
.1
Ilm(x +y )sm—:O.
x—0 Xy
y—0
. sinxy %0 sinx
b) lim 22 i Y o
x>0 X x=>0 XY
y—2 y—2
<Y
y\'r Yy
c) Iim[1+—j = lim [1+—) —e?.
X—>00 X X—>00 X
y—2 y—2
X 1 1
d) Te 0< Yy | | | 5+ 2|y| 5 <t va
X+y\ X +y? x+y? Xy

IIm(l i]— lim — ! + lim — ! =0, theo tiéu chuan kep, ta dugc
X 1Y) e ]x vl

X—0
y—©
lim——Y- 0.
x>0 X 4y
y—>oo
0/0
e) lim X4y’ = lim—— Ilm(\/t2+1+1):2,t:= X2 +y2,
0 X+ y? +1-1 H(%\/’t2 ~1+0
f) Do lim )Z(yz—llm =0 nén
x>0 X* +y x—0 1 1
y—0 y=0 5 T 5

Yy X
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2,,2

X%y
1 1 Titey?

Iim(1+ x2y2)><2+y2 =lim (1+ x2y2)><2y2 —e%=1.

x—0 x—0

y—0 y—0

3. Chirng minh cac ham sau day kh6ng c6 gi¢i han khi (x,y)—(0,0)

B 2.2
a)f(x1y):Ly b) f(x.y) = yz o) f(xy)= 2 2Xy

X+ X +y Xy +(x—y)2
Loi gidi.
a) Do khi k — 00, taco

(xﬁ,yﬁ)z(%,%ja(o,o) f(xt,y&) _ Uk 1 1

1/k+1/k 2 2

nhu'ng Uk )
2 j2\_ —HR _
() ( j% f(xk’yk)_—1/k+2/k_ 1>
b) Do khi k — o0, ta cé
1 L1y Uk2-1/k?
)00 1ok -00
nhurng /k2 /k2 )
4/k% -1 3 3
X - f X2, 2 _dR -4UR 9 o
() ( j (5% 4/K2+1/k2 5 5
c) Do khi k — o0, taco
2 2
11 (o yh) = 1/k2.1/k 1
[oxk) = (k kj (0.0) () 1/ 21K + (U k -1/ k)
1-1 e 1/k2.1/k? 1 1
2 .2 - . .
(xk,yk):(i,?Ja(0,0) f(xlfiylf): . - ===
K21k +(U/k+1/k)° 5 5

4. Tinh cac dao ham ham riéng cap 1 va vi phin toan phan ciia cac ham sau
day
X2 - y?

X2 +y?

d) z=x" e) z=yx’ f) z:a\[xzy—xy2
9) z=|n(x+«/x2+y2) h) z =arctg Y i) z =arcsin L%
X

X

sinY
c)z=e X

a) z=x>+y3—3xy b) z=
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) u=e%sinY k)u:(nyrij ) u=In(xy+2z)
z y

Loi gidi.

a) 7, =3x°—3y,z}, =3y’ —3x va dz = (3x2 —3y)dx+(3y2 —3x)dy .

? —4x? 4xy (xdx —yd
21 y? 2 \2 2,2
(x+y) (x+y) (x+y)
Y y Ly
©) Z :—lzcosiesmx,fy ~LcosYe M va dz=1cosiesmx(_ldX+dyj
d) Taco z=e* " vay

y ! y _ _ Yy
7, =z7=¢" '”X(xylnx) = x* (yxy YInx+xY 1)zxX Y (yInx+1),
X
y ! y y
Zy =e* '”X(xylnx) =x" (xylnx.lnx)zxX Yn?x,
y

dz=x""Y?(yln x+1)dx+(xXy+y In® x)dy

!

e) 2, =YX,z =x’ + yx’ Inx=x’ L+ yInx) va

dz=x" [yzx‘ldx+(1+ yln x)dy].
f) 7, = 2xy - y° S = x? —2xy Vi dz 2Xy — yzdx+(x2 —2xy)dy
X = ey T = ]
2xy - xy? 2y —xy? 2,/x%y - xy?

Le X X
. + y_x2+y2: . . ix2+y2 _ X
" x+\sz+y2 \/x2+y2’ ’ X+m (X+\/X2+y2)\/x2+y2 |

dx xdy
dz = +
\/qx2+y2 (x+\/x2+y2)\/x2+y2
. —ylx? -y 1/ x X 4 —ydx + xdy
h) zy = 7= 7 24y T IR I N N
1+(y/x)” x°+y 1+(y/x)” X°+y X“+y

1 —ydx + dy

X:_X ,zle , dz, = .
X \/1—[(y—x)/x]2 X\/l—[(y—x)/x]2 x\/l—[(y—x)/x]2
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“ug = yze¥sin X,usé, = xzeV2sin Y + Loz cos ;ug = xye® VZgin Y o Y gvzeagY s
z z z z ;2 z
el oy E®oy 1 o yd oo®o oy oy yb @
Ydu = eY%gyzsin Zdx + §x25|n—+ —cos —=dy + gxysm—- —C0S —=dz=
z z 2z 4] z ;2 25 B
k)u:(xy+£j
y
x 10& XQZ-l & Xgae XQZ- | Q
ug = zgy + —3bXxy + —=  ;ug = z§y- —=eXy+ —= ;U +— n +—i
& %y ye Y Yo y gy yzggy Yo £= gxy ] éxy Yo
61-1Q’ . x Q PR |
du = fxy + X% %§+ Lo+ zgy = 2y + InExy + ngzﬂ
yo ¢ Yo Yar'} oy
) u=In(xy+2z)

y
ug = Jug = Jug¢ =
5 Xy + z 3¢’ Xy + z = Xy + z

du= —° (ydx + xdy + dz)
Xy + z
5. Chirng minh rang
a)Ham z= |I’1(X2 + Xy + y2) thoa phuong trinh X@—Ir yg =2.
oX oy

7 oz
b) Ham z = xy + xe¥’* thoa phuong trinh XZ— + ya— =Xy + 2.
X

Loi gidi.
a) Taco
Oz 2X+y o0z 2y+X
X XC+xy+y? oy xP+xy+y?
Khi d6
@+ Q:x 22x+y ty 22y+x =2,
oXx oy X“+XYy+Y X"+ Xy+y
b) Tacé
o y+ey”‘(1—x)/\——x+ey’X
OX X
Khi do

X@+ y@:nyrxey’X[l yj+ yX+ yeY X = 2xy + xe¥ X =xy +z.

ox oy
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6. Dung biéu thirc vi phan cip 1 tinh gin ding tri cta cac biéu thirc

_ 1,995 B 2 1,02
2) A=(1,003) b) B=49.195)° +(81)° o C= arcty oo

Loi giai. Trong bai nay ta &p dung cbng thirc

f (% +A% Yo +Ay) = T (X0, o)+ fx (X0, Yo ) AX+ f)(Xo, Yo ) AY -

a) bat
(%, ¥o) =(1:2),(Ax, Ay) = (0,003,-0,005),
f(xy)=x, fi =y £y =x Inx,
f (%0 o) =1 f (%0 Vo) =2 fy (%, ¥o) =0
Ta duoc
= f (X +AX, Yo +Ay) ~1+2x0,003+0x (~0,005) =1,006.
b) Pat
(%0, Yo) =(2:8),(Ax,Ay) =(-0,05;0,1),
f(x,y):«/9x2+y2,fx':i;f;:#,
VIX% +y? JOxZ +y?
f (X0 ¥0) =10, (%, ¥o) =18, £/ (%5, ¥5) = 0.8
Khi d6
—  (Xo+AX, Yo +Ay) ~10+1,8x(-0,05)+0,8x0,1=9,99.
c) bat
(Xo,yo)=(L'1);(AX,Ay)=(0,02;—0,05),
X y ’ —X
f(x,y)=arctg—, f; = S A —
() gy x+y2 Y2 yy?
1
f(xo,yo)=§ (Xoyo) (0 ¥0) =5
Khi d6

= f (% +AX, Yq +AY)z§+%X0,02—%XO,O5:§+0,035.

7. Tinh dao ham ham riéng ctia caic ham hgp sau day

a) Choz:xzsiny,x:g,y:vﬁ.Tl’nh z,2,.
v
b) Cho f(x, y):arctgﬁ,x:usinv,y:ucosv. Tinh £/, f.
y

c) Cho z= yarctgﬁ, y=cos’x. Tinh z..
y
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d) Cho f(x,y)=Insin——,x=3t%,y=+1+t%. Tinh f .

\ﬁ
Loi gidi.
a) Taco
. 1 u Vv
2l =2xsiny,z, =x?cosy; X, ==X =—— Y. =——,y, =u.
X y u v v V2 u 2\/6 v
Ap dung cong thirc dao ham cia ham hop, ta duoc

2u . v
2, =73 X, + 2.y =—23|nvx/a+—cosvx/5
v 2«/5
! ! ! ! ! 2u2 H
2|, = 23X, 23y :——33|nv\/U+\/\7cosv\/J
v

b) Cho f(x, y):arctgﬁ,x:usinv,y:ucosv. Tinh f/, f.
y

ucosv . usinv

f'=1fx +fly = - SinV — —— cosv=0
0 = BT u®sin®v+u?cos?v u?sin®v+u’cos?v
f/=1tX +fly = ucosy ucosv + usinv usinv=1
v Y u?sin®v+u?cos?v u?sin®v+u’cos?v
c) Taco
2
X .
z)’(=2y— z! —arctg—— Y =, Y (X)=—sin2x.
X +y y x2+y?
Ap dung cong thirc dao ham ctia ham hop, ta dugc
dz ., _, cos? x X xcos?x | .
—=7,+17,.y' (X)= 55— —| arctlg———— T [sin2x.
dx X“ +C0S™ X COS“ X X +C0S™ X

d) Cho f(xy)=Insin—=,x=3t%,y=1+t2. Tinh f,.

Jy
f¢ = cotg— ¢=- Lcotgi
5 zjy? i

——=cotg

fx + 1y = 3 (2— t j
" . 1+ \/1+t J1+t2
8. Tinh cac dao ham ham riéng va vi phin cip 2 ctia cac ham sau day

a) z:ln(x2+y) b) z:«/2xy+ y2

¢) z =arctg~—Y d)u=— 1

1-xy 4/x2+y2+22.

Loi gidi.
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yz =22 -1 2(y—x2) o=t g —2x
ey Py " (x?+yf, (X +y) Y (x2+yf
b) 7/ y - X+y
" «/2xy+y2’ Y «/2xy+y2,
" —y? " _X2 " X
ZXX:%,sz—g,ZXy: y =
(2xy+ y2) (2xy+ yz) (2xy+ y2)
, 1+y? (1—xy)2 1+y? 1, 1
C) Zx = 2~ 2.2 . o2 2:1 2’y:1 2"
(1 xy) (1 xy) (x+y) 1+X°y“+xX°+y + X +y
zQFLXZ,z;y:Lyz,z;y:o.
(1+x2) (1+y2)
d)u=;
X y z
ug: ug = ;u%:
x2+y2+z2 9 fx2+y2+22 /x2+y2+22
¥2 + 72 y2 + %2
iufy = iug; - 3
Jx2+y + 72 \/(x2+y2+22) \/(x2+y2+22)
: _ - yz : _ - ZX
2 231“?{, 2, .2 23’ug( 2 2, 2\
x+y+z) (x+y+z) (x+y+z)
42y = gyz +z )dx + (x2 +z )dy + ( 24 yz)dz2 - 2xydxdy§
J(XZ s y2 .\ 22)3 g 2xzdxdz - 2yzdydz g

9. Tinh dao ham ctia cac ham an xac dinh bé&i cac phwong trinh sau diy

a) arctgu-zzo. Tinh y'(x) b) xe’ +ye*—e¥ =0. Tinhy'(x)
a a
X' +y*—z2=0
c) X*+y*+2°-3xyz=0.Tinh z,, 2/ d) . Tinhy'(x),z'(x
) y Y X2 +2y?+32° =4 (x).2(x)
Loi gidi.
a) Taco

F(x)=xe’ +ye" —e? F =e’ +ye* —ye? F =xe’ +e* —xe".

Ap dung cong thire tinh dao ham ctia ham 4n, ta duoc
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F o oxed+e¥—xe¥
Ry oy
F,  x=(1/y) 1-xy
Ry =y Iny

F(x)=y ' -x' =y (x)=—2= :
c) () y jy() F); xyx_l—th’lX

! y X_ Xy
y’(x)z—FX __e’+ye —ye

2

b) F(x)=xy—Iny—-a=y'(x)=

10. Phwong trinh z? 2 JY?-7* xac dinh ham 4n z = z(x,y). Chirng minh
X

rang
0z 1ot 1,
X yoy 1z
Giai
11. Tim cuyc tri ctia cac ham sau day
a) 2:4(x—y)—x2—y2 b) z:x2+xy+y2+x—y+1
c) z=x+Yy—xe’ d) z=(x-1)% +2y?
) z=2x"+y*—x?—2y? f) z=2xy—3x?—-2y%+10
g) z=x3+3xy? —15x+12y h) z=xy+@+§
Xy
) u=x*+y*+2°—xy—x—-2z ) u=x>-y*-3x+4y+2°+2-8

Loi gidi.
a) @ Tim diém t6i han

2, =4-2x=0 X=2 M. (2.2
2 =—4-2y=0 |y~ Mol272)

e Xac dinh diém cuc tri
Zyy =22y, =0;20, =-2.
Tai My: A=—2<0,B=0,C=-2,B°~AC=-4<0
= M 1a diém cuc dai va z,,, =8.
z, =2X+y+1=0 X=-1
b)e< g @{ = My (-11).
2, =2y+x-1=0 y=1
o zgx:Z;z;y:];z;’,y:Z.

Tai My: A=2>0,B=1,C=2,B°~AC =-3<0 = M, la diém cyc tiéu va z,;, =0.
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z,=1-¢=0 X=1

C) e o = M (1,0).
[ _0 0
y y=

o 23, =02}, :—ey;zg,y =—xeY.
Tai My: A=0,B=-1C =-1,B%—AC =1> 0= Ham sb khong c6 cuc tri.

z, =2(x-1)=0 Xx=1
d)o{ ’ (x-1) <:>{ = M,(1,0)
zy=4y=0 y=0
© 2, =2,23, =0,z =4
Tai My : A:2>0,B:O,C:4,BZ—AC:—8<O =M, 1a diém cuc tiéu va Zoin =0
e) o Tim cac diém toi han
z;:8x3—2x:0 xzovx:il
; 3 e 2.
zy=4y"-4y=0 |y_oyy=+1
Vay ham s6 ¢6 9 diém t6i han
1 1 1
Ml(O,O),M213(O,i1),M4‘5(i§,0),MGJ(E,il),MS’g(—E,il).
e Xéc dinh diém cuc tri
Zp, = 24X% =275, =0; 2}, =12y* - 4.

*Tai M;: A=—2<0,B=0,C=-4,B°~AC=-8<0
= M, 14 diém cyc dai va 7., =0.

*Tai My3: A=-2<0,B=0,C=8B*~AC=16>0
= M, 3 khong phai la diém cuc tri.

*Tai Mys: A=4>0B=0,C=-4,B*-~AC=16>0
= M, 5 khong phai la diém cyc tri.

*Tai Mg;: A=4>0,B=0,C=8B°~AC=-32<0
= Mg 7 1a diém cyc ticu va z,;, =——
*Tai Mgg: A=4>0,B=0,C=8B*-AC=-32<0

= M8,9 la diém cuc tiéu va Zein =—=

z;,:2x—4y:0<:> y=0
o z;{X:—G;z;’W:Z;z”W:—A

2, =2y—-6x=0 =
) { =Y {X % My (0,0).
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Tai My: A=—6<0,B=2,C=—-4,B2—AC=-20<0 = M, la diém cuc dai va
Zmax =10.
g) ® Tim diém tdi han
7, =3x*+3y? -15=0 [x=-2,y=1
=
zy, =6xy+12=0 X=-1Ly=2
= M, (2,-1),M, (-1,2), M3 (~2,1), M, (-2.1)
e Xac dinh diém cuyc trj
Zyx = 6X, 2, =6y, 2, =6X.

*Tai M;: A=12>0,B=-6,C =12,B> -~ AC =-108<0
= M, la diém cuc tiéu va Zoin = —22.

*Tai M,:A=-6>0,B=12,C =-6,B° -~ AC =108 >0

= M, khong phai 1a diém cyc tri.

*Tai My:A=-12>0,B=6,C=-12,B> — AC =-108<0
= M;la diém cuc tiéu va Zoin = —22.

*Tai M,:A=6>0,B=-12,C=6,B2 - AC =108>0
= M, khong phai 1a diém cyc tri.

" 100 " " 40
o ZXX ZF,ZXy :1,Zyy :—3.

Tai My : A=g>O,B=1,C:5,BZ—AC:—3<0:>|\/|O 1a diém cuc tiéu va Zin =30.

12. Tim cwc tri c6 diéu Kién ctia cac ham sau day

a) z=Xy véi X+y=1 b)Z:COSZX—FCOSZdeiy—X:%
C) Z=X+2y véi X +y? =5 d)z:_+lv(;ii2+i2:i2
Xy X“ y° a
Loi gidi.
a) Do

X+y=lsy=1-X,
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nén ta dua duoc bai todn vé bai toan tim cuc tri ham mot bién
z=2(x)=x-x",Xe] .
Taco

Z'(x)=1-2x=0< X :% va z"(x) :—2,2”(%) =-2.

1 .
Vay ham Z(X) dat cuc dai tai X:E nén ham Z(X, y)dat cuc dai co6 diéu kién tai
(x,y)= 11 va z L
’ 2'2 mxg

y—x—E<::>y—x+E
4 4’

nén ta dua bai toan vé bai toan tim cuc tri ham mot bién

7T
z:z(x):coszx+cosz(x+z}x6; .

Taco
z’(x)=—sin2x—sin(2x+gj=—sin2x—cost=—\/§sin(2x+§]
z’(x)=0<:>2x+£=kn<:>x=—£+E va z”(x):—Zx/Ecos(ZXJrEj
4 8 2 4
242, k=2m+1
z”(—£+@j=—2\/§cos(—z+kn+£j:—2\/§cos(kn): V2 T meg
8 2 4 4 242, k=2m
Vay ham sb dat cyc tiéu co diéu kién tai
2 1 2 1
—E+M,E+M vGi zmin=1+icos(2m+1)7c=1—i
g8 2 '8 2 NA 2

va dat cuc dai c6 diéu kién tai

(—g+mn,g+mnj VO Zppx :1+icos(2mn)=1+i

N N

L(x, y,k)=x+2y+k(x2+y2—5)

¢) Ham Lagrange

e Tim diém t&i han
L=142x=0  [x=-1/2r |Mm,(12),h=—2
L, =242y =0 y=-1/1 < 21
x?+y?=5 A2 =1/4 Mz(_l’_z)ng

e Xac dinh diém cuc tri
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L)ZX =2), L;y =0, L;;y =2A= d2L = Zx(dxz +dy2)

2

2
—d?L = 27{1+X—jdx2.
y

0 =2x,<p'y :2y:>d(p=2(xdx+ ydy)=0<:>dy=—5dx
y
. 1
* Tai Ml(l,Z),k:—E:

dzL[l,Z,—%j = —(1+%)dx2 <0,Vdx=0= M, 1a diém cuc dai c6 diéu kién.
. 1
* Tai I\/IZ(—l,—Z),kzgi

d ZL(—L -2, %) = (1+ %) dx? > 0,Vdx #0=> M, 1a diém cyc tidu c6 diéu kién.

d) Ham Lagrange
1 1 1 1 1
L(X, Y A)=—+—+A| 5+——— |,a>0.
(% y.%) X'y [ 2 2)

e Tim diém téi han

, 1 2A
LX:—?—F:O a
X=Yy=—2\ Ml(—ﬁa,—ﬁa),x:_
, 1 2A 2
Ly_ YZ_F_O X—+i < ,\/_ J_ a
N M 2a,\2a), A =——
1,11 v !l =g
2 yz a2
e Xac dinh diém cuec tri
, 2 6r , 2 6r 1 3A),» (1 3n],,
LXX:F-FF,LXy:O,Lyy:F-FF:d L_2|:(?+Fjdx +£F+Fjdy i|
, 2 2 1 1 %
(px:—F,(py:—F:d@:—Z(FdX+dej:O@dy:—FdX
6
:>dZL:2{(%+%j+(%+%1y—eﬂdxz.
x> X y> oy X
* Tai M1<—ﬁa,—ﬁa),k:%:
2
dZL:4(— 31 + 33 jdxzzdxzz ZX >0= M, la diém cyc tidu c6 didu kién.
2882  4ac\2 a2

* Tai Mz(ﬁa,ﬁa),kz—%:



Hé tro’ 6n tap [DE CWUONG CHUONG TRINH DAI HOC]

<0= M, ladiém cyc dai c6 diéu kién.

1 3
d’L=4 - dx? = dx® = —
(2&13 2 4a3\/§j

dx?
a’\2
13. Trong tit ca cac tam giac vudng c6 dién tich bang 1, tim tam giac cé canh
huyén nhé nhat.

Loi gidi. Goi X,Y,Z>0 lan luot 13 hai canh goc vudng va canh huyén ciia tam giac vudng cé
dién tich bang 1. Khi d6

Xy =2 < y:§ va =X’ +y% =2(x,Y).

Bai toan duoc dua vé bai toan tim cyc tri cia ham sb

/ 4
z=2(xy)=\x*+y% = ’x2+i2: X +4Z=Z(X),X€(O,+OO)
X X

4
2= X% _gex=2
XXt +4

Lap bang xét dau z, ta thiy X = J2 1a diém cyc tiéu cia ham sb z (X) nén ham z (X, y)dat

Taco

cuc tiéu tai (\/5 2 ) Vay trong tam giac vudng c6 dién tich bang 1 thi tam giac vudng can

la tamgiac c6 canh huyén nho nhat va bang 2.

15. Tinh max va min cia cic ham sau day trén tap dong va gi¢i ndi D twong
ng
a) z=x"y(4-x~y) v6i D duogc gi6i han boi cac duong X =0, y=0, X+y =6
T

b) z=sinx+siny+sin(x+y) véi D:{(X,y)e; 2:O£x£g,03ys§}

c) z=x2—y? véi Dz{(x,y)e; 2:x2+y2£4}
d) z:e_(X2+y2)(2x2+3y2) véi Dz{(x, y)ei 2 ix2+y° él}

Loi gidi.
a) Taco
D:{(x,y)e; 2:03x£6,0£y£6—x}.
0
e Tim diém t&i han trong D:{(x,y)e; 2:O<X<6,O<y<6—x}:TaCé
2=x2y(4-x-y)=4x"y -’y —x%y°.
Gidi hé phuong trinh



Hé tro’ 6n tap [DE CWUONG CHUONG TRINH DAI HOC]

{z; =xy(-3x—-2y+8)=0 {3x+2y—8=0 {X=2
y

5 = = .
7' =X (_x_2y+4):0 X+2y-4=0 y=1

0
Vay trong D, ham s6 c6 mét diém t¢i han My (2,1) va z2(M;)=4.

e Tim diém t6i han trén 0D
*Trén OA:x=0,y<(0,6):2=0
*Trén OB:y=0,x(0,6):z2=0
*Trén AB:y=6-x,x€(0,6). Ta c6 ham mot bién
z=xy(4-x-y)=2x>-12x* = z(x)
Z, =6x* —24x=0<x=4¢(0,6)
Trén AB, ham sb c6 mét diém t6i han |\/|2(2,4) va z(M,) =-64.

* Tai cac diém O(0,0),A(O,G), B(6,0):Z(A)= Z(B)z Z(B) 0

So sanh cac gia tri ciia ham s0 tai cac diém t61 han, ta duoc

mgxz =4 dattai M;(2,1) va minz =-64 dattai M, (4,2).

D
y y
M
B TC/2C B
6 a M
3 Mz
P24 I My
11 M A A
o 24 6. X o0 == ~
43 2
Hinh 1 Hinh 2

0
b) e Tim céc diém t6i han trong D:{(x,y)e; 2:0<x<g,0< y<g}:Tacé

{z; =COSX+C0S(X+y)=0 {cosx:cosy

z,, =C0sy+cos(x+y)=0 ~ |cosx+cos(x+Yy)=0

0
©(x,y):(£,£je B v (__j%
3 3 33 2

e Tim cac diém tGi han trén 0D :

* OAZyZO,XE(O,ng z=2sinx va z'(x)=2cosx=0< VN.

* OB:x=O,ye(O,g): z=2siny va z'(y)=2cosy=0<VN.



Hé tro’ 6n tap [DE CWUONG CHUONG TRINH DAI HOC]

*BCZng,XE(O,ng z_1+smx+sm( j 1+sin X+ cos X
va
Z'(x)=cosx—sinx = 0<:>x——:>z(E E)
4 2
*OB:x=g,ye(0,g): z:1+siny+sin(y gj 1+siny+cosy
va
z'(y)=cosy S|ny:0<:>y_§:>z(ﬁ,%j:1 J2
* Tai céc dinh O(0,0) A(R,OJ,B(E,EJ,C(O,E
2 2 2
2(0)=0,z2(A)=2(B)=2(B)=2
Két luan:

0
c) e Tim diém t6i han trong D:{(x, y)ei 2 x5 +y? <4}:Tacé

z, =2x=0 x=0
) = =2(0,0)=0
2, =-2y=0 y=0

e Tim diém t6i han trén oD : X° + y2 =4
Céch 1. Ham Lagrange
L(x,y,A)=x"—y? +7L(x2 +y? —4).
Tacé
L, =2x+2Ax=0 Xx=0vi=-1

' X:O,y:iz
L, =-2y+2,y=0&{y=0vi=1 =

= 2(0,42) = —4,2(+2,0)= 4.

y=0,x=42
X2 +y?=4 X +y?=4

Két luan

maxz=4,mnz=-4.

D D
Céch 2.

x> +y* =4 y*=4-x*xe[-2,2].

Xét

2=x"-y*=2x*-4=7(x)=4x=0<x=0.
So sanh céc gia tri

2(0)=—4,2(-2)=2(2)=4



Hé tro’ 6n tap [DE CWUONG CHUONG TRINH DAI HOC]

ta duoc
maxz=4,mnz=-4.
D D
y y
an an
—ZQJZ X —1!/1 X

-2 -1
Hinh 3 Hinh 4

d) e Tim c4c diém t6i han trong D- {(x y)ei 2’ +y° <1}. Taco
z, = e_(xz+y2)[—2x(2x2 +3y2)+4x} =0 [x(2-2-3y*)=0
z, = e_(xz+yz)[—2y(2x2 +3y2)+6y} =0 y(3—2x2 —3y2)= 0
& (%y)=(0,0)e D= 2(0,0)=0.
e Tim c4c diém téi han trén bién 0D : X? + y? =1<> y? =1—-x2. Tach
z= e_(xzﬂlz) (2x2 +3y2) =e 7 (3-x%)=2(x),xe[-11]

z’(x):—éx:0<:>x=0.

So sanh cac gia tri

ta duoc



