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[DE CUONG CHUONG TRINH DAI HOC]

PE TAI :
Cau 1: Xuét két qua vi phan cap 2 caa ham 3 bién f tai diém M cho trudc dudi dang ma tran

vuong

. X
Cau 2: Tim cuc tri cua ham da thic f(x,y) thoa diéu kién 2 —12 =1 véi a,b>0 dugc nhap

tr a? b’
ban phim

Cau3: Tinh m f(x,y,z) dxdydz trong d6 Q 1a mién gigi han boi :
Q

(z=1—x2—y2;2=0;y:X; yxﬁ/x)

Cau 1:

e Co s& ly thuyét:

1. Pinh nghia dao ham tai mo6t diém:
Cho ham sé y = f(x) xac dinh trén khoang (a,b) va xp  ( )

O @)

Néu ham sé y = f(x) c6 dao ham tai xg thi nd lién tdc tai diém do.

2. Y nghia ctia dao ham

Y nghia hinh hoc
f(x0)1a hé sb goc tiép tuyén caa dd thi ham sb y = f(x) tai M (xg,f(xg))

Khi d6, phuong trinh tiép tuyén caa do thi ham sé y = f(x) tai M (xg,yo) Ia:

Y-Yo = f'(x0)-(x-X0)
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> ,
Y nghia vt ly

Van téc tirc thoi cia chuyén dong thang xac dinh boi phuong trinh s = s(t) tai thoi diém
to 1a v(tg) = s’(tg)
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Cuong do tuc thoi cua dién lwong Q = Q(t) tai thoi diém tg 1a 1(tg) = Q’(to)

3. Quy tac tinh dao

ham: C'=0 x'=1 (x") =" (ne N, n>1)
(u) u'v-u'
(Utv) =u'+v' (W)'=u'v+uv’ | — | = ———(v=0)
\v) v
(1\' V'
(ku)'=ku' | =] =——
\v) v

Pao ham cua ham s hop: Néu u = g(x) c6 dao ham tai x 1 u’y va ham sé y = f(u) ¢
dao ham tai u 1a y’,, thi ham s6 hop y = f(g(x)) c6 dao ham tai x 13 y’y = y’ .Uy

Dao ham cip cao:

£ =0 (0] f =1 (0] F" (=" (] (neN,n>4)

3. Cac cach tinh dao ham

Theo dinh nghia
Dé tinh dao ham cua ham sé y = f(x) tai diém xg bang dinh nghia, ta thuc hién cac budc

B1: Giastr  lasd gia cua di s6 tai Xo. Tinh Ay =f (xo+ Ax ) —f (o)

B2: Tinh lim

Ax -0 AX

e VIDU:
Xuét két qua vi phan cap 2 ctia ham f=5x3+2y3+32°-10x%y+2yz° + 4xz tai didm
Tinh céc tich phan bac 2 caa ham f, ta co:
fX':15X2—ZOxy+4Z f, =9z%+4yz+4x

f, =6y>—10x°+27° fr=30x-20y

XX



[DE CUONG CHUONG TRINH DAI HOC]

fyo, =12y-10 fr=4
XZ
fZZ" = 182+4y fyle: 47
f.=-20x

Xy

Tinh cac tich phan bac 2 caa ham f tai diém M(0,1,1) ta co:

fx =30x0—20x1=-20 fr=-20x0=0
Xy
fo =12x1-10=2 :
Ixz - 4
- =18x1+4x1=22
Pooiexamax fr=4x1=4
yz
Tir két qua trén, ta xuit ra két qua vi phan cap 2 caa ham da cho tai diém  ( ) dudi

dang ma tran vuong la:

[20 0 2]
A<l 0 2 2
| |
| 2 2 22|
L ]

o CODE:
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7 Editor - DAgt2\New folder\caul.m

File Edit Tet Go Cell Tools Debug Desktop Window Help

NEHE| $MB2¢ |82 - Aenf| B 0% 8 0E BB stk || f
Heg| -0 [+ +1 | x [EE[0

1 [l function caul

AR syms x ¥y = x0 yO =0

i f=input ("nhap f(x,vy,z)="};:

4 - M=input ("nhap M(=zM,vH, zH)="):

el x0=M(1):

6= vO=M(2};

Ti= z0=M (3} :

B A(l,1)=subs (diff (diff(f,x),x),.[x ¥ z],[=x0 ¥0 z0]):
B B(l,2)=subs (diff (diff(f,=x),¥),[x v 2], [=x0 ¥0 z0]):
= A(1,3)=subs (diff (diff(f,x),=z),[x v =2],[=x0 w0 =z0]):
11 - B(2,1)=subs (diff (diff(f,x),v},.[x v z],[=x0 w0 z0]):
12 = B(2,2)=subs (diff (diff(E,v),¥),[x v 2], [=x0 ¥0 z0]):
3 Ay R(2,3)=subs (diff (diff(f,z),v),.[x v =], [=x0 w0 =z0]):
14 - BA(3,1)=subs (diff (diff(f,x),z),[x v z],[=x0 w0 z0]):
15 = B(3,2)=subs (diff (diff(f,z),¥),.[x v 2], [=x0 ¥0 z0]):
16 — B (3,3)=subs (diff (diff(f,z),=z),[x v =], [=0 ¥0 =0]):
3 Sy L

TB= - end

19

20

21

22

e CHAY THU:

4 MATLAB R20122 - P B |

File Edit Debug Parallel Desktop Window Help

NS B2t | R 0| CurrentFoldenib;}g;tZ\_NAe@)Aldfr 'jl[z] ®

>> caul
nhap £(x,y,z)=5%*x"3+2*%y"3+3%z"3-(10*x"2) *y+2*y*z"2+4*x*2
nhap M(xM,yM,zM)=[0 1 1]

A=
-20 0 4

0 12 4

4 4 22
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CAU 2:

e CO'SO'LY THUYET:

1. M6 hinh bai toan tim cwc tri c6 diéu kién:
( )(), trong d6 x, y la céc bién théa diéu

Xét bai todn: tim cuwc tri cia ham

kien

Nhin xét: mo hinh bai toan c6 diéu kién chi xét v6i didu kién (2) 1a 1 phwong trinh. Nhu
vay néu diéu kién (2) c6 dang: g(x,y) < 0 (hoic g(x,y) > 0) (2') thi duoc hiéu la tim cuc trj
dia phuong ctia ham z = f(x,y), trong d6 ta chi xét nhitng diém dirng nam trong mién thoa
mén diéu kién (2").

2. Pinh nghia:
Ta n6i rang ham
ton tai mot Ian can
C ( ) ) (

véi diéu kign dat
(G Yeta Nd 0 ohos ¢ ) e

cuc tiéu tai néu

thoa: g(x,y) =0
Thong thudng, phuong trinh f(x,y) = 0 1a phuong trinh ciia dudng cong (C). Nhu vy, ta chi so sanh () v6i () khi M ndm trén (C).

Tuong ty, ta cling c6 dinh nghia cuc dai co diéu kién.

Cuec tiéu co dieu kién va cuc dai c6 dicu kién dugc goi chung 1a cuc tri c6 diéu kién..

3. Cac phajong phap tim cwec tri cé diéu Kién:

Cach 1: Poja vé bai toan tim cwc tri cia ham 1 bién
Néu tir diéu kién (2) ta giai tim dugc y = y(x) thi khi thé vao ham sé f(x,y) ta c6 z 1a ham

theo 1 bién s x: (()) . Nhur vay, bai toan trd vé& bai toan tim cyec tri ciia ham s6 1 bién. —> Qué quen thude!!!

» Cach 2: Phwong phap Larrange
Néu tir pt (2) ta khong giai tim y theo x duoc. Khi do, gia st (2) xac dinh 1 ham an theo
bién x: . Pé ton tai ham s an, ta gia thiét: —  (*)

Nhu vay: ham s6 () , v6i y 1a ham theo x chinh I3 hinh anh ham s6 hop ciia bién s6 x thong qua bién trung gian y.
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Vi nhiing gia tri ciia x 1am cho z ¢6 thé ¢ cuc tri thi dao ham cua z theo x phai triét tiéu.
Vay lay dao ham cua (1) theo bién x v6i quy tic ham hop (nhd ring y 1a ham theo x) ta
co: L AN _q3)

OX 0oy OX

Tur didu kién (2), ta ly dao ham 2 vé theo x. Ta co: 99,09.9% _g (4)
OX 0oy OX

Ding thic (4) ndy duoc théa min voi moi x, y théa min phuong trinh (2).
Nhu vay, tai nhitng diém cyc trj thoa mén diéu kién (2) thi s& thoa man (3) va (4)

Nhan céc s6 hang cla (4) véi hé s6 chua xac dinh A va cdng chidng vdi cac s6 hang tuong
(of  og) (of  ag)

rng clia (3), ta dwoc: | —+y =— | +|—+y — [=0 (5)

lox o) oy ) ‘
Do d6, phuong trinh (5) cling nghiém dung tai nhitng diém cuec tri théa dicu kién (2). Tu

d

(5), ta chon héng s6 A sao cho tai nhiing diém cuc tri, hé sb cua dx s€ triét tiéu.

(of  og)
| —+y—1=0

Nghiala:lay oy )  (6)

Vi vy, tir phwong trinh (5) va (6) ta c6: nhitng diém cyc tri c6 diéu kién s& 1a nghiém cua

T 0
of
héphu‘ongtrinh:ﬁ| — + }/@ = 0(|)
| oy oy
g (,y) = 0

Bay gio, ta xét ham s Larrange: F (X, y, 7)=f(xy)+ g (X, )

Khi d6 cac diém cuc tri dia phuong ciia ham Larrange s€ thoa man hé:
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(F =Y + 7/@ =0
| o oy
| of g

== + — =0 q
| oy I oy (1
|FI = (va) =

Tt (I) va (II) ta nhan thiy: nhimg diém dirng ctia ham Larrange c6 thé 1a cyc tri cia ham
z = f(x,y) véi diéu kién (2).

Nhu vay, bai toan cuc tri c6 diéu kién trg vé bai toan cuc tri dia phuong ciia ham
Larrange. O day chi dong vai tro phu va sau khi tim duoc gid tri thi khong can dén.

Diéu kién cua cyc tri co diéu kién lién quan dén viéc khao sat déu cua vi phan cip 2 cua ham Larrange tai diém () :

) 8 F , 0,F 0,F
d"F= (Xo, YO)dX + (X0, Yo) dxdy +—2 " (Xo, Yo )dy’

ox 2 X0y oy?

trong d6: dx, dy khong phai 1a nhitng gia tri bat ky ma phai thoa diéu kién:

0 0
‘agx (X0, Yo )dX+_agy (X0, Yo ) dy =0 véi dx >+ dy* =0

Néu d ® F > 0 v6i moi gié tri ¢ thé c6 cua dx, dy thi ham z = f(x,y) dat cuc tiéu ¢6 diéu d
kién. Néu 2 F < 0 v6i moi gia tri ¢6 thé c¢6 cua dx, dy thi ham z = f(x,y) dat cuc dai c6
diéu kién.

Tuy nhién, trong nhiéu trugng hop vige xét dau vi phén Cap 2 hoi phirc tap. Khi d6, ta c6 thé &p dung két qua sau: Gia
se()lal diém durng caa ham Larrange, (g voéi gia tri va dat

A=Fu (X0.Y0);B=Fxy (X0,%0); C=Fyy (X0,%0);D=09x(X0,Y0);E=9y(X0,Y0)
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0 D E
Khidoxét: A=—|ID A B

E B
Néu A > 0 thi ham z = f(x,y) dat cyc tiéu c6 diéu kién tai ( )
Néu A < 0 thi ham z = f(x,y) dat cuc dai c6 diéu kién tai ( )

e VIDU:

Cho ham s f(x,y) = x + y — 1. Tim cyc trj ctia ham f'sao cho thoa didu kién x> —y> = 1.

Tacéxz—yzz 1 x2=y2+1(*) (x2 1)
Thay (*) vao f(x,y) ta duoc:
2
fy)=y +y(y R)
Tap xac dinh: D =R

Xétf(y)=2y+1=0

)
=) -
Xét ¢ =) -
Vay M( -, -)lacuctiéuduy nhatcaa f(x,y) khiy= -vax= —
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1 Editor - DA\gt2\New folder\baizm

File Edit Text Go Cell Tools Debug

Window  Help

SO -MNedf B -ERBRE BB | sedkfse |

Sl PLL EL

B -0 [+ [+ [x |EHE]0,
1 [l funcrion bai2
2 | ayms = v
3 f=input ('nhap ham fix,y)=")
4 a=input ('nhap a="'}:
5 b=input {'nhap b=');
[ g=x"2/a"2 - yv"2/b"2 -1;
7 Iyms z
g fl=diff (£, ») +z*diff (g, x);
9 f2=diff (£, y)+z*diff (g, v):
10 [w & k]l=soclwve(fl,f2,qg):
11 f=f+z*g;
12 - [Jfor i=1:lengthiw)
33 if imag({w({i))==0 && imag(t(i))==0 && imag(k(i))==0
14 L=subs (diff (f,x,2),[x v z],[w(i) ©i(i) k(i)]):
15 B=subs (diff (diff (f,x),v),[x v 2], [w(i) c(i) k(i)]}:
16 C=subs (diff (f,v,2),[x v 2], [w(i) ti(i) k(i)])s
137 D=subs (diff (g, x), [x v 2], [w(i) t{i) k(i)]):
18 E=subs (diff (g, v), [x v z],[w(i) ti{i) k(i)]):
19 denta=det ([0 D E;D A B;E B C])-
20 if denta > 0
21 disp('ham so dat cuc dai tai'):;
22 X= wii)
23 ¥= t{i)
24 elseif denta<0
25 disp('ham =o dat cuc tieu tai'):
26 X= wii)
27 Y= t{i)
28 end
258 end
30 ~end
BE

e CHAY THU:
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s o T

File Edit Debug Parallel Desktop Window Help
U Cﬁ | & % ﬂ L :a Eﬁ ﬂ 17} :CurrentFoldenjD;i\g?‘\Ngwfolde( v @ e
* Shortcuts 2] Howto Add (2] What's New

>> bai2
nhap ham f(x,y)=x"2+y-1

f=

"2 +y-1

nhap a=1

nhap b=1

ham so dat cuc tieu tai

X =

57(1/2)/2

Y =

-1/2

ham so dat cuc tieu tai

X =

-5"(1/2)/2

CAU 3:

e CO'SO'LY THUYET:

1. Ping nghia:
Cho ham sé f(x,y,z) xac dinh trong mién dong, gidi ndi V ciia khong gian Oxyz.

Chia mién V thanh n mién nho c6 thé tich 1a A V1, ..., A V. Ly tiuy y mot diém M;.
(Xi,Yi,Zj) trong mién nho thi i.
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Lﬁpténg: I =Zf(xi,yi , Zi JAVj
i=1
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Néu gi6i han nl '_Twl n=limln=1 iy han, khong phu thudc vao cach chia mién V, va

max di >0

M; thi f(x,y,z) goi 1a kha tich trén mién V, va goi 1a tich phan boi 3 ciia ham f trén V, ky
hiéu: I:J.”f(x,y,z)dv
\%

Tuong tu nhu tich phan kép, ta ky hi€u dxdydz thay cho dV va tich phan béi 3 thuong
viét: | = _m f(x,y,z) dxdydz (thé tich ctua V)
\Y

Chu y: Néu f(x,y,z) = 1 thi | = I f I f(xy,z)dV (thé tich cua V)
\%

2. Tinh chat:

>I:,me(x,y,z)dV:C,”_[f(x,y,z)dV

g =My 2oy 2av =1y av g xy 2 av
NéuV=ViUV, Vi NV, = thi:
Wiy oyav=llliooy yave ey, 2 ev
Né'u\li(x,y,z)zg(x,y,zl); V(XY 2) thh‘l:z

fjf f(x,y.z)dvzfﬂvg(x,y,z)dv

Néu f(x,y,z) lién tuc trong mién déng, bi chin V thi ton tai diém (g, Yo , Zg ) €V sa0

1 ‘
cho: f(xO,yo,zo):V—”J.f(x,y,z)dV(Dinhlyvégiétritrungbinh)
\Y

3. Cach tinh tich phan béi ba
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Tich phan bgi ba trong h¢ toa d¢ Descartes
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Cho V gidi han boi: mattrénz= ¢ (X, y) , mat dudi z= @1 (X, Y)

Xung quanh mit tru c6 duong sinh song song véi truc Oz va dudng chuén 13 bién cia
mién D thudc mit phiang Oxy. (D 13 hinh chiéu cia V xudng mit phing Oxy).

rwz(x,y) —|
Khi do: )] £ (x,y,2) dxdydz=]]| [ f(xy,z)dz |dxdy

v D|Jco(x,y) |
Néumién D= {(x,y):a<x<bh, ¢ (x)<y< ¢ (x)}thi:

®2(x) P2 (x,Y)

Ijjf(x,y,z)dxdydz:de Idy If(x,y,z)dz

a P (x)  er(x.y)
P -
Tinh tich phan bgi ba trong h¢ toa do tru:
Az
Z\
M
O : )
e y
e M
X

Toa d0 try ctia diém M(x,y,z) 1abo basd (r, ¢, 2) (r, ¢) 14 toa do cuc cia hinh chiéu

v6i ctia M xudng mit phang Oxy (Hinh v&)

Talubnco:r>0;0< <27 —0<Z <+

|[ X = rcose
M34i lién hé giira toa dd Descartes vatoa dd tru: 3y =  rsin g
= z

| z
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Ta cé: ,mf(x, Yy, z)dxdydz:”_[f (rcose, rsin ¢) rdrd @dz

Tinh tich phan bdi ba trong hé toa d cau:

Toa d6 cAu cua mot diém M(x,y,z) 1a b ba s (r, 0, @) Voi r=0M ,01a goc gitra truc
0z va OM , ¢ la goc giita truc Ox va OM , voi M’ 13 hinh chiéu cia M xubng mit
phing Oxy.

Ta c6: V&i moi diém M trong khong gian thir>0;0 < < 7;0< <27z

|(x

M4i lién hé gitra toa do Descartes va toa do cau: { y

|z

rsin €cos ¢

rsin @sin ¢
r cosd

Cong thic tinh tich phan trong hé toa do cau:

,m f(x,y, z)dxdydz:,mf (rsin@cose, rsingsin ¢, r cosé) r?sin@drdod 10}
\ Vv

e VIDU:
e I
e Trong d6 mién gigi han Ia:

. ;Z2=0y=x; ;
« (1 T A !
. :D1+D2
e Tinh Dq
I« )
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Y A

IRV A G S S

[
® Patx=sint, (

e Tinhdy -
. [/ -
® Ditx=sint,(

I ,




[DE CUO'NG CHUO'NG TRINH DAI HOC]

— —_ - ( —_) — —_— = ( —_—)
—_ ( —_—) —_ —_— —_
Tinh d3
f - o )
- (=) —_— - —) - (—)
- ——) = (—)
Suy ra
(_ (I )‘/ - (I )\/ - (I ) - \/ -
- ( _) - _ = - = ( —)
— - — - () - —)
v v
- ( _— - _ = = ( —)

=0.0887
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CODE:

e | Edt Tet Go Cel Took Debug Deskop Window Hep

NEE 409032 - Aanf B -2RRRY BB s | f
B[ -fo [+ |+ [x |[EE|0
1 -‘Ifunction bai3
2 $x [0 1] v [x sgrt(x)] z [0 1-x"2-y"2]
3 3yms X V 2
4 - f=input ('nhap ham £f(x,y,2)=');
5= | £=f+0*x+0*y+0%z;
(g double (int (int (int(f,z,0,1-x"2-y"2),v,X,8qrt (X)), X,0, (sqrt (3)-1) /2) +int (int (int (£, z,0,1-x"2-y"2) , v, X, sqrt (X)) , X, (8qrt (3)-1)/2,1/3qrt (2)))
7
B end
9
10
11
kK
CHAY THU:

i warias o

File Edit Debug Parallel Desktop Window Help
NS | sR9 0 | Y E | @] curent Folder: D:\gt2\New folder - !Q [ES)
© Shortcuts ] Howto Add (2] What's New

>> bai3
nhap ham f(x,vy,z)=1
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